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Phase Behavior of Different Forms of Ice Filled with Hydrogen Molecules
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A hybrid grand-canonical Monte Carlo simulation has been performed to investigate the hydrogen
hydrate compounds in which hydrogen molecules are stored in ice II and ice I.. A simple theoretical
model, which can reproduce the simulation results, provides the phase diagrams of the two-component

system in the pressure-composition plane. Stability enhancement of the two ice forms by hydrogen is

quantified by the chemical potential calculation of water. The phase transitions among various phases
including the two hydrogen hydrates are predicted as functions of pressure, hydrogen occupancy, and

temperature.
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Hydrogen clathrate hydrates have been studied for their
potential as a hydrogen storage material and also for their
planetary and physical chemistry interest [1-5]. The hy-
drogen clathrate of classical structure II [6] whose occu-
pancy is confirmed later by Monte Carlo (MC) simulations
[7,8], implies that hydrogen molecules, despite their small
size as guest species, can stabilize a variety of host lattices
of water. It was also reported that hydrogen molecules can
be encaged in the interstitial spaces of ice II and ice I,
giving two stable clathrate hydrate compounds termed C,
and C, [9]. Given a variety of hydrogen hydrates, it is of
fundamental importance that the phase behavior of a water-
hydrogen system be systematically studied in the P, T, and
chemical-composition space. Unfortunately, the thermody-
namic stability of C; and C, relative to other water-
hydrogen composite phases in a wide range of thermody-
namic conditions has been scarcely explored. In this Letter
we report the phase behavior for realistic models of C; and
C, in the pressure and hydrogen-mole-fraction plane at
various temperatures.

The accommodation of hydrogen molecules inside ice II
(Cy)andicel, (C,), along with their stability under various
thermodynamic states, is investigated using a hybrid type
of grand-canonical (GC) and isothermal-isobaric (NPT)
MC simulations. A hydrogen molecule is modeled as a
linear rigid rotor with a single Lennard-Jones (LJ) potential
site and a negative charge site both at the center of mass
and two positive charges at the individual protons [10]. The
water-water interaction is described by TIP4P potential
[11]. The interaction between water and hydrogen is de-
scribed by assuming the Lorentz-Berthelot rule. The inter-
action potentials for all pairs of molecules are truncated
smoothly at 0.8655 nm [12] and the standard correction for
LJ interactions is made. The simulation box for Ice II
structure is taken to be a rectangular prism (a =
2597 A, b=2249 A, ¢=12501A) containing 576
water molecules, while that for ice I.. is taken to be a cubic
box (a = 38.64 A) containing 216 unit cells or equiva-
lently 1728 water molecules. The ice I. configurations are
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generated according to Bernal-Fowler rules [13] so as to
have no net polarization. The pressure dependence of
chemical potential for pure hydrogen is obtained from
constant-volume MC simulations [7].

In the GC-NPT MC simulation, temperature 7 and the
number of water molecules N,, are kept fixed in the whole
process. An insertion or a deletion of hydrogen is at-
tempted with the chemical potential of hydrogen (wj)
and the instantaneous volume (V) fixed. The pressure P
is set to a constant corresponding to the prescribed u; and
T in the rest of the procedures. A trial insertion is made at
an arbitrary position with randomly chosen polar 8 and
azimuthal ¢ angles. The insertion is accepted with proba-
bility

_ exp[B(u}, — w)]sind(2mmkyT/h?)3/?V
plnsert (Ng + 1)

ey
where w is the interaction energy, N, is the number of
hydrogen molecules, m is the mass of a hydrogen mole-
cule, i is Planck constant, w) stands for the chemical
potential of hydrogen that excludes the contribution from
the free rotational motion, B is 1/kgzT with kz Boltzmann
constant. Trial deletion of a randomly chosen hydrogen
molecule out of N, is accepted with probability

exp[B(—puj, + w)IN,
sing(2amkyT /W) 2V’

Pdelete =

2

The volume change is attempted according to the standard
NPT MC simulation. In this GC-NPT MC simulation, a
single step consists of a trial insertion or deletion with the
same probability, followed by five trial moves of randomly
chosen water or hydrogen molecules and trial volume
change. Each MC simulation is carried out for at least
108 steps.

Figure 1 depicts C; and C, structures obtained from GC-
NPT MC simulations. It is seen that the quasi-one-
dimensional voids of ice II are filled with hydrogen mole-
cules in the C; structure while in the C, structure a hydro-
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FIG. 1 (color). Structures of C; and C, in various hydrogen
occupancy conditions obtained from simulation: C; with maxi-
mum hydrogen occupancy; (b) C; with partial hydrogen occu-
pancy; (c) C, with maximum hydrogen occupancy; (d) C, with
partial hydrogen occupancy.

gen molecule locates in each interstice of ice I.. The
structure of C; is retained even when the voids of ice II
are only partially occupied with hydrogen whereas the C,
structure collapses when its voids are partially occupied.

The pressure dependence of hydrogen-to-water molecu-
lar ratio in Cy is shown in Fig. 2. The ratio gradually
increases as the compression proceeds, which is in sharp
contrast to the behavior of common clathrate hydrates.
This arises from the fact that ice II is a stable ice form
even without hydrogen in a certain region of temperature-
pressure plane while a usual clathrate is not stable in its
empty state. The encaged hydrogen, however, further en-
hances the stability of the ice II structure and extends its
stable region. The highest hydrogen-to-water molecular
ratio is found to be 1:6 at all temperatures studied.
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FIG. 2 (color). The molar ratio of hydrogen-to-water in C,
under various pressure and temperatures obtained from simula-
tion (solid line) and theoretical calculation (dashed line).

In the case of C,, as shown in Fig. 3, the hydrogen-to-
water molecular ratio changes rapidly in a small range of
pressure and, in particular, it does abruptly for high tem-
peratures. When this ratio drops below a certain value,
ice I.. structure is no longer intact and another ice morphol-
ogy is substituted for ice I. at high pressures [14]. The
maximum molar ratio of water-hydrogen is found to be 1:1.

Giving the maximum molar ratio in C,, it is possible to
regard ice I. of N,, water molecules as a host lattice having
N,, virtual cages, each of which allows at most one hydro-
gen. This is equivalent to the usual clathrate hydrate whose
stability has been successfully estimated by van der Waals
and Platteeuw (vdWP) theory [15,16]. Thus, the occupancy
of hydrogen inside ice I. can be estimated from a grand-
canonical partition function. For the system with N, virtual
cages which is identical to N,, in C,, the partition function
is given by

E = exp(=BAY)(1 + exp[ By — f)DV, ()

where AY is the free energy of empty ice and f;, the free
energy of cage occupation. It is converted to the general-
ized partition function Y as

1 o
Yy =— B exp(—BPV)dV, 4)
Vg Jo

where vy is the unit volume. The mean number of hydro-
gen molecules is expressed as

d1nY
d(Bun)
and the cage occupancy, x, defined as (N,)/N, is given by

Y= exp[ B(pn — fu)]
1+ expl By = )]

where the free energy of cage occupancy f), is evaluated by
integration of potential interaction between a hydrogen

(No) = &)

(6)
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FIG. 3 (color). The molar ratio of hydrogen-to-water in C,
under various pressure and temperatures obtained from simula-
tion (solid line) and theoretical calculation (dashed line).
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molecule with the surrounding water molecules inside ice
void as

2mmkgT\3/2(2wlkyT
w) ()

X //exp( — Bw(r, Q))drdQ, (7)

exp(—Bfy) = (

where / stands for the moment of inertia of a hydrogen
molecule. The estimated hydrogen occupancy inside ice I,
is also plotted in Fig. 3. The result agrees well with that
from the simulation in high occupancy region but deviates
significantly in low occupancy. The discrepancy is due to
the assumption in theoretical calculation that the host
structure (ice I.) is stable in the absence of hydrogen at
any pressures, which then leads to the possibility of partial
occupancy. However, this is valid for the case of Cy, hence
a similar method can be applied to C; by dividing each
cylindrical-channel into cells, each of which contains only
a single guest molecule. The obtained result as given in
Fig. 2 agrees well with the MC simulation over the entire
pressure and temperature range studied. The successful
predictions by this theoretical calculation indicate that an
underlying mechanism in the accommodation of hydrogen
is simple: It is determined by the free energy of cage
occupation which is in turn dominated by the vacant space
for a hydrogen molecule to be encaged.

The C; and C, phases occupy neighboring regions in the
phase diagram but the phase boundaries are not fully
established. It is important to evaluate their thermody-
namic stability in terms of the chemical potential, for
then the phase boundaries are predicted. The chemical
potential of water in C; and C, is calculated as

Yy
aNM/

pe = wl + akpTIn(l — x) (8)

where @ = N;,/N,, is the cage-to-water ratio and
pl = (A2 + PV)/N,, )

is the chemical potential of the empty ice. The Helmholtz
free energy of ice, A%, containing no hydrogen molecule is
approximated by the sum of the potential energy at its
minimum structure, the harmonic free energy, and the
residual entropy term (in the case of ice I. and VII). The
harmonic free energy of water is calculated from normal
mode analysis [12,17].

Since the occupancy in C, is approximately unity at high
pressure and the lattice vibrations are possibly shifted to
higher frequencies, the harmonic free energy should be
evaluated in the presence of hydrogen, and thus the chemi-
cal potential is replaced by the corresponding w! which
includes the modulation of intermolecular vibrational fre-
quency [18]. Equation (8) is rewritten in a more convenient
form as

Mo = pe T alfy = py + kpT Inx). (10)

This is an essential manipulation in the case of C, since
otherwise ice I.. collapses at high pressure.

In the P-xg (mole fraction of H,) plane where T is fixed,
a one-phase state (C; or C,) and a two-phase equilibrium
state (ice VIL + C;, VII + C,, C; + C,, C; + Hp,or C, +
H,) form finite areas as shown in Fig. 4 while a three-phase
equilibrium state or a triple point (ice VII + C; + C, or
C, + C, + Hy) appears as a line of constant pressure,
where H, stands for the hydrogen fluid phase. From now
on, a denotes exclusively the cage-to-water ratio for
C,(=1/6) and that for C,(=1) is not shown explicitly.
The triple-point pressure P, for the C; + C, + H, coex-
istence (which is a line in the complete phase diagram
including 7)) is obtained from the condition that the chemi-
cal potentials of water are the same in C; and C, phases as

mer = per and  py = wi(T, P) (11)
where  pep = puY + akgTIn(l —x;) and  pe =
ml. + kgTIn(1 — x,) with

N eatfr ]
(12)

_explBlpn = fi)]
M T e By — f)]

Here x; and x, stand for the occupancies in C; and C,, f;
and f), for the corresponding free energies of cage occu-
pation in C; and C5, and u9(T, P) for the chemical poten-
tial of pure hydrogen fluid. The above condition
determines the pressure P, and the occupancies x! and x9
at the triple point.

The phase boundary between the C, phase and the C, +
H, coexistence (the right boundary of C, in the inset of
Fig. 4) is obtained from the occupancy in C,, which is
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FIG. 4 (color). Phase diagram of C; and C, in pressure and
hydrogen-mole-fraction plane. P, indicates the pressure where
the three-phase point of ice VII, C;, and C, is observed. P,
indicates the pressure where the three-phase point of C;, C,, and
fluid hydrogen is observed. The inset shows the magnified area
around C, phase line.
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_ exp[ By — fi2)]
1+ exp[B(uy — fia)]

X, with  u;, = p)(T, P).

(13)

A similar condition determines the phase boundary be-
tween the C; phase and the C; + H, coexistence.

The other phase boundaries to be found are the one
between the C, phase and the C; + C, coexistence (the
left boundary of C, in the inset of Fig. 4) and between the
C| phase and the C; + C, coexistence (the right boundary
of Cy in Fig. 4). These are again determined by the condi-
tion for the equivalence of the chemical potentials of water
and hydrogen in C; and C, phases. It is determined by
removing the unknown w, with the following condition
combined with Eq. (11)

X2
1—= X2>'

(14)

This leads, using the molecular volume v in each ice
structure, to

X1

“p=fm t kBT111<1 ) = fn + kBTln(
1

x, =2 =(1— xg){l - exp[—

with AP = P — P,

s

5)

and Av = v, —v,.

Similar procedures are applied to obtain the boundary
between the C; + ice VII coexistence and the C; phase
(the left boundary of C; in Fig. 4), as well as the triple-
point pressure P’ for the C; + C, + ice VII coexistence.

The obtained phase diagram is shown in Fig. 4. When
P <Py (1.6 GPa), for any value of xy, the chemical
potential of water in C, is higher than that in C;, and
thus C, is not stable in this region. When P > P, the C,
phase is in equilibrium with C; or with ice VII for xy < 0.5
while it is in equilibrium with a hydrogen fluid for xy >
0.5. In between, there is a narrow region (appearing as a
line in Fig. 4 but visible as a region in the inset) where C, is
the only stable phase. This region becomes wider as the
temperature decreases, hence signifying higher stability of
cubic ice structure at lower temperature. The theoretical
prediction is in good agreement with the experimental
observation that C, becomes more stable than C; when P
is greater than a certain value while it coexists with the C;
phase at lower pressures [9]. Furthermore, P, is shown to
have a positive slope in the P-T plane while P/, has a
negative slope. It should also be noted that the pressure
where the ice I, structure collapses in Fig. 3 is close to the
triple-point pressure Py,.

In summary, we calculate the occupancies of hydrogen
from both GC-NPT MC simulation and a theoretical ap-
proach in ice II and ice I, the compounds of which are
called C; and C,. The C; phase is stable under partial
occupancy and gradually encages hydrogen with increas-
ing pressure while C, is stable only when most of its

adsorption sites are occupied by hydrogen molecules. It
is found that the theoretical calculation based on a modi-
fied vdWP theory for the present systems successfully
reproduces the hydrogen occupancies obtained by MC
simulations. Phase boundaries in the pressure-composition
phase diagram are also estimated from the chemical po-
tential calculation of water, and are found to be consistent
with experimental observations [9]. Here it is evident that a
certain hydrogen hydrate structure, in single form or mix-
tures, can be obtained by controlling the composition of
water and hydrogen.
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